We use geometric algebra to study the phases of Pauli and Dirac spinors. It is shown that the dynamic phase is the intrinsic phase of a Pauli spinor. Using this insight, we then define the geometric and dynamic phases of a Dirac spinor. These formulas can then be used in Hestenes' zitterbewegung theory of the electron
Introduction
In the study of geometric phases, Berry [1] required an adiabatic, cyclic and unitary evolution. The adiabatic condition was later removed by Aharonov and Anandan [2] . The key feature of their work was the realization that the time integral of the Hamiltonian's expectation value gives the dynamic phase. The extension of the theory to non-unitary and non-cyclic evolutions was carried out by Samuel and Bhandari [3] . Finally, the kinematic theory of geometric phases [4, 5] unifies these various extensions into a simple formalism.
Here we use geometric algebra to analyze the phases of an electron. We find that the dynamic phase is the intrinsic phase of a Pauli spinor. With the insight gained from this case, we then define the geometric phase for a Dirac spinor. There has been some recent interest in this latter problem [6, 7] .
In a series of articles, David Hestenes [8, 9, 10] has advanced the zitterbewegung interpretation of the electron. We show that he incorrectly identified the dynamic phase formula as the total phase formula. Our work corrects this as well as providing a formula for the geometric phase that can be used in Hestenes' zitterbewegung theory.
Geometric Algebra
We review the geometric algebra formalism that will be needed in the sequel. The reader is referred to [8, 9, 10, 11, 12, 13, 14] for a more detailed account. For two vectors A and B, the vector product is given by
where A · B = 1/2(AB + BA) is the inner product of A and B. For a general multivector C, we let C be the scalar part of C. Then AB = A · B. The reversal of all vector products in C, writtenC, is called the reversion of C.
The space-time algebra is the geometric algebra of flat Minkowski spacetime. It is generated by the vectors {γ µ }, µ = 0, . . . , 3, satisfying the Dirac algebra
The space-time algebra is a 16-dimensional linear space spanned by
where n = 1, 2, 3, σ n . = γ n γ 0 and i . = γ 0 γ 1 γ 2 γ 3 . The Dirac equation for a spin-1/2 particle of charge e and mass m is given by (h = 1, c = 1)
where
L is a Lorentz boost and U is a spatial rotation. The velocity vector v is defined by
The Pauli algebra is the even sub-algebra of the Dirac algebra. It is spanned by {1, σ n , iσ n , i}
The Pauli equation iṡ
The spin vector s is defined by
The Phase Formulas
The global dynamic phase for a Pauli spinor ψ P is given by [4] 
Since ρ is the probability distribution, we define the time derivative of the local dynamic phase asδ
Using (3) in (4) again gives
Since the global geometric phase is invariant under a global gauge transformation, it is given by
and the local geometric phase is defined bẏ
Then φ L . = φ is the local total phase and
is the global total phase.
If we introduce the spin bivector S S .
and the rotational velocities [9] Ω . = 2UŨ (8)
we have thatU
We will use (10) and (11) as the definitions of the local dynamic and geometric phases. They demonstrate that these phases are the components of the rotational velocities in the spin plane. Also, the generalizations of (10) and (11) to the relativistic case are straightforward. Notice that the total wavefunction, less the statistical factor ρ, determines the local dynamic phase. Thus, δ L has a purely kinematic origin. If we factor the total phase φ out of the U , then U 0 determines the geometric phase. We conclude that the dynamic phase is the intrinsic phase determined by the wavefunction. Now we define the phases of a Dirac spinor. The generalizations of equations (7)- (11) to the relativistic case are given by
where R . = LU , R 0 . = LU 0 and the overdot represents differentiation with respect to proper time (i.e., d/dτ . = v · ∇). We have that
In order to find the global phases, we must integrate using the statistical factor ψψ = ρ cos(β)
So, for example
Note that we have identified −Ω · S asδ L . Hestenes [10] has previously interpreted this as the total phase changeφ L . The formulas given by (12) and (13) for the dynamic and geometric phases are in keeping with Hestenes' theory of local observables [15] . They do not contain the statistical factors ρ or β.
Discussion
Here we consider the formulas for the local observables that are derived using (4) as the starting point. We start with
where the overdot is now proper time differentiation. Thus, τ serves as the parameter in Makunda and Simons' formula [4] . From (14) we have
From (15) we can define the local dynamic phase aṡ
is the magnetization current from the Gordon decomposition [16, 17] . We also have
So we let
There are difficulties with associating the phase formulas with the projections onto the magnetization current. In the non-relativistic approximation we have [18] 
Thus, equations (16) and (17) become, in the non-relativistic limiṫ
which do not agree with equations (10) and (11), respectively. We conclude that the phases are given by the projection of the rotational velocities onto the spin bivector and not onto the magnetization current. This is a pleasing result. While the role of β is not well understood, it is generally regarded as a statistical parameter [17] . Its presence in the definitions of the phase formulas, as in (16) and (17), would not be in the spirit of the zitterbewegung interpretation as formulated by Hestenes.
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